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In this paper, union, and intersection of generalised fuzzy soft sets are introduced and some of their
basic properties are studied. The objective of this paper is to introduce the generalised fuzzy soft
topology over a soft universe with a fixed set of parameters. Generalised fuzzy soft points, generalised
fuzzy soft closure, generalised fuzzy soft neighbourhood, generalised fuzzy soft interior, generalised
fuzzy soft base are introduced and their basic properties are investigated. Finally, generalised fuzzy
soft compact spaces are introduced and a few basic properties are taken up for consideration.

Key words: Fuzzy soft set, generalised fuzzy soft set, generalised fuzzy soft topology, generalised fuzzy soft
open sets, generalised fuzzy soft closed sets, generalised fuzzy soft topological spaces, generalised fuzzy soft

compact spaces.

INTRODUCTION

Most of our real life problems in engineering, social and
medical science, economics, environment etc. involve
imprecise data and their solutions involve the use of
mathematical principles based on uncertainty and
imprecision. To handle such uncertainties, Zadeh (1965)
introduced the concept of fuzzy sets and fuzzy set
operations. The analytical part of fuzzy set theory was
practically started with the paper of Chang (1968) who
introduced the concept of fuzzy topological spaces;
however, this theory is associated with an inherent
limitation, which is the inadequacy of the parametrization
tool associated with this theory as it was mentioned by
Molodtsov (1999).

In 1999, Russian researcher Molodtsov introduced the
concept of soft set theory which is free from the above
problems and started to develop the basics of the
corresponding theory as a new approach for modelling

uncertainties. Shabir and Naz (2011) studied the
topological structures of soft sets.

In recent times, many researches have contributed a lot
towards fuzzification of soft set theory. In 2001, Maji et al.
introduced the fuzzy soft set which is a combination of
fuzzy set and soft set. Tanay and Burc Kandemir (2011)
introduced topological structure of fuzzy soft set and gave
an introductory theoretical base to carry further study on
this concept. The study was pursued by some others
(Chakraborty et al., (2014); Gain et al., 2013).

In 2010, Majumdar and Samanta introduced
generalised fuzzy soft sets and successfully applied their
notion in a decision making problem. Yang (2011)
pointed out that some results put forward by Majumdar
and Samanta (2010) are not valid in general. Borah et al.
(2012) introduced application of generalized fuzzy soft
sets in teaching evaluation.
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The objective of this paper is divided into three parts. In
the first part we introduce the generalised fuzzy soft
union, generalised fuzzy soft intersection, and several
other properties of generalised fuzzy soft sets are
studied. In the second part we introduce “generalised
fuzzy soft topological spaces” over the soft universe

(X, E) with a fixed set of parameter. Then we discussed

some basic properties of generalised fuzzy soft
topological spaces with an example and define
generalised fuzzy soft open and closed sets. By this way
we define the generalised fuzzy soft closure, generalised
fuzzy soft points, generalised fuzzy soft neighbourhood,
generalised fuzzy soft interior, generalised fuzzy soft
base and also we established then some important
theorems related to these spaces. Finally we define
generalised fuzzy soft compactness and give some
important definitions and theorems.

This paper may be the starting point for the studies on
“Generalised fuzzy soft topology” and all results deducted
in this paper can be used in the theory of information
systems.

PRELIMINARIES

Throughout this paper X denotes initial universe, E
denotes the set of all possible parameters for X , P(X)
denotes the power set of X, | * denotes the set of all

fuzzy sets on X , | £ denotes the collection of all fuzzy
sets onE,(X,E) denotes the soft universe and |

stands for [0,1].

Definition 1

Afuzzy set A in X is defined by a membership function
1, - X —[01] whose value ., (x) represents the “grade

of membership” of X in A forx € X (Zadeh, 1965).
If ABel” then from Zadeh (1965), we have the
following:

A<B e up(x)<p
A=B@uA()

s(x), forallx e X..

() forallx e X.
C= AvB<:>,uC(): { A(X), 5 (x)}, forallx e X
D=AAB & up(x)=min{u, (), 1 (x)}, forali x e X .
E=A% o u(x )=1—,uA( ), forallxe X.

Definition 2

Let Ac E. A pair (f , A)is called a soft set over X

where f is a mapping from A into P(X), that is,
f : A— P(X) (Molodtsov, 1999).

In other words, a soft set is a parameterized family of
subsets of the set X . Foree A, f(e) may be considered
as the set of e—approximate elements of the soft

set(f,A).

Definition 3

LetAcE. A pair (F,A) is called a fuzzy soft set

over X, where F:A— 1% is a function, that is, for
eachaeA, F(a)= F,: X —> [O,l] is a fuzzy set on X
(Maji et al., 2001).

Definition 4

Let X be the universal set of elements and E be the
universal set of parameters for X (Majumdar and

Samanta, 2010). Let F:E — 1% and u be a fuzzy
subset of E, that is, z:E — 1 =[0,1]. Let F, be the

mapping F,1E — 1 x| be a function defined as

follows:  F,(e)=(F(e), u(e)), where F(e)€1*and

y(e)é I Then IE/, is called a generalised fuzzy soft
set (GFSS in short) over (X, E).
Here, for each parametere e E,

F.(e)=(F(e), u(e))indicates not only the degree of

belongingness of the elements of X in F(e)but also the

degree of possibility of such belongingness which is
represented by u(e).

Example 1

Let X :{Xl,xz,xs} be a set of three houses under
consideration. Let E = {el,ez,e3} be a set of qualities
where €, =expensive, €, =beautiful, €; =in the green
surroundings. Let x:E —1=[0,1] be defined as
follows: (e, )= 0.4, u(e,)=0.5, u(e,)=0.7

We define a function F, E — | X x1 as follows:

- [F,(e)=(x104,%,102,%,\05},04),

F(e;)=(%,106,%,104,%,10.7},05),
" F.(e,)=({x107,x,105,%101},07)



Then F, is a GFSS over(X, E).

Definition 5

Let IE/, and (35 be two GFSS over(X,E) (Majumdar
and Samanta, 2010). Now IE/, is said to be a GFS subset
of (35 or (35 is said to be a GFS super set of Eﬂ if

M is afuzzy subset of &
F(e) is also a fuzzy subset of G(e), Ve e E

In this case we write F, cG;.

Definition 6

Let F

, be a GFSS over(X,E) (Majumdar and

Samanta, 2010). Then the complement of IEH , IS
denoted by IzﬂC and is defined by IEHc 265, where
5(e)=pu(e)and G(e)=F°(e), VecE.

Obviously (ﬁﬂc)c = IEu.

Definition 7

Union of two GFSS F,and G, , denoted by F, U G, ,

is a GFSS I—~|V, defined as H, :E — 1 X x 1 such that

I:|V (e)=(H(e),v(e)), where H(e)=F(e)vG(e) and
v(e)= u(e)vs(e), VeeE.

Let{F, ),
family of GFSSs. The union of these family is denoted

by D( ) is a GFSS HV,

leA} where Ais an index set, be a

defined as

H,:E—>1%xI such that I:IV(e)= (H (e),v(e)),
where H (e) =V (F(e))l and v(e) =V (,u(e))l :
VeekE.

Definition 8

Intersection of two GFSS Eﬂ and (35, denoted by

Eﬂ A C~55, is a GFSS MG , defined as

Chakraborty and Mukherjee 3

M_:E—1%x1 such that M_(e)=(M(e),al(e)),
where M(e)=F(e)AG(e) and of(e)= u(e)rd(e),
VeekE.

Let{( ) ﬂ,eA} where Ais an index set, be a
family of GFSSs. The intersection of these family is

denoted by ﬂ(lzﬂ)l, is a GFS M , defined as
AeA

(M(e).o(e)),

S
M_:E—1"xI1 such that (

where I\/l(e)=/1/E\A(F( ))ﬂ and U(_) ( ( ))
VeekE.
Example 2

Consider the GFSS IEﬂ over (X, E) given in Example 1

u

_ [F (e)=((4104,%,102,%\05}04),F, (e,)= ({x 106,x,104,%,10.7},05), |
F,(6:)=(1x\0.7.x,105,%;10.14,07)

Let (35 be another GFSS over (X,E) defined as

follows:

S

= [Gyle,)=(1%103,%,105,%10.2},0.2).G,(e, )= ({x,105,x,103,%,10.4},04),| .
G,(e5)=({x,108,%,106,x,10},08)

Then F, O G, =H,

< [H,(e)=(x104,x,105,%\05},04).H,(e,)=({x,\06,x,104,%,10.7},05),
i ‘{ H, (e;)=({x,10.8,x,10.6,x,10.1},0.8) }

Again F, A G, =M,

M

=

M, ()= ({x,10.3,%,10.2,%510.2},0.2), M, (e;) = ({x, \0.5,x, 10.3,%; 10.4},04), | .
M, (e5)=({x,10.7,%,10.5,%; 10},0.7)

"

_ {F}f(e) ({%,10.6,x,10.8,%,10.5,,0.6),F,° (&,

Eo )=({x,10.4,%,10.6,%,10.3},0. )}-
F, (e;)=({x10.3,%,10.5,%,10.9},0.3)

Definition 9

A GFSS is said to be a generalised null fuzzy soft set,
denoted by @, , if @, :E—>1%x1 such that

59(6)=(F(e),¢9(e)) ., where F(e):6 VeeE and

O(e) =0 VeeE (Where 0 denotes the null fuzzy set)
(Majumdar and Samanta, 2010).
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Definition 10

A GFSS is said to be a generalised absolute fuzzy soft
set, denoted by 1, , if 1,:E—1%xI,
IA(e)= (1(e),A(e)) is defined by 1(e):i VYeeE and
A(e) =1,VveeE (Where 1(x)=1VxeX) (Majumdar
and Samanta, 2010).

where

Proposition 1

Let F, be a GFSS over (X, E), then the following holds:

l
l

[l
C1

~
~

:” Jo
(i) F,=F,"F,
(i) F, O ¢, =F,
) F, ™ g, =4,
W F,0L =1
wv)F, AL =F,

Proof: Follow from the respective definitions.

Proposition 2

Let IEﬂ , (35 and H~V be any three GFSS over (X, E),
then the following holds:

Proof: Straightforward.

Proposition 3

Let IEﬂ , (35 and H~V be any three GFSS over(X, E),
then the following holds:

Proof: Straightforward.

Proposition 4

Let IEﬂ and (35 are two GFSS over(X,E)
following holds:

, then the

Proof

(i) LetF, A G, =H,
thenH (e)=(H(e),v(e)),VeecE,

where H(e)=F(e)AG(e) and v(e)= u(e)~5(e).

M_(e)=(M(e),o(e)),vecE, where

M(e)=F(e)vGl(e) and ofe)= rle)v S(e)

Thus (E, 5.6, )°= (¥, f = ( Fe)vG(e)f . (ule)v 3(e)) )
= ) G* (e) “e)r5°(e))
(}, AG)

GENERALISED FUZZY SOFT TOPOLOGICAL SPACE

Here, we introduce the notion of generalised fuzzy soft
topology over a soft universe and study some of its basic
properties.

Definition 11

Let T be a collection of generalised fuzzy soft sets
over(X,E). Then T is said to be a generalised fuzzy

soft topology (GFS topology, in short) over (X, E) if the
following conditions are satisfied:

(i) ¢79 and E[A arein T .



(i) Arbitrary unions of members of T belongto T .
(iii) Finite intersections of members of T belongto T .

The triplet (X,T , E) is called a generalised fuzzy soft
topological space (GFST-space, in short) over(X, E).

Definition 12

Let (X,T , E) be a GFST-space over(X, E), then the

members of T are said to be a GFS open sets in
(X,T,E).

Definition 13
Let (X,T , E) be a GFST-space over(X, E). A GFSS
Eﬂ over(X, E) is said to be a GFS closed in(X,T , E),

if its complement F, ‘ pelongs toT .

Proposition 5

Let (X,T,E) be a GFST-space over(X,E). Let T’ be
the collection of all GFS -closed sets. Then

(i) ¢79 and IA arein T'

(i) Arbitrary intersections of members of T' belongs to
T !

(iii) Finite unions of members of T' belongsto T’

Proof

Follows from the definition of GFST-space and De-
Morgan’s law for GFSS which is given in Proposition 4.

Example 3

T= {Tg ,EA} forms a GFS topology over(X, E), which is
said to be the GFS indiscrete topology over(X, E).

Example 4

Let T be the collection of all GFSS which can be defined
over(X, E). Then T forms a GFS topology over(X, E);

it is called the GFS discrete topology over(X, E).

Chakraborty and Mukherjee 5

Example 5

Let X ={X,,X,,X;} and E ={e,,e,,e,}

We consider the following GFSS over(X, E) defined as

£ -

"

F (e)=(x\06,%,105,%104},02),F,(e,)= (1 \02,x,103,x,108},05),
{ F},(3)—({x1\0.7,x2\0.4,x3\0.3}, 6) }

where yel®

)

;- G,(e,)=({x,10.3,%,102,x,10.2},0.1),G,(e,) = ({x, 1 0.1,, 10,x, 1 0.5},0.3),
G,(e;)=({x,105,x,10.3,%,10.3},0.5)

where 5 e | E.

Let us consider T = { 00 1, Eﬂ ,65} . Then T forms
a GFS topology over(X, E).

Definition 14

Let (X,T,E) and (X,Tl,E) be two GFST-spaces. If
each member of T belongs to T, then T, is called GFS

finer (larger) than T or (equivalently) T is GFS coarser
than T, .

Example 6

Let X ={X,,%,,X;} and E={e,,e,,e,}.

Consider the GFS topology T over (X,E) given in

Example 3.7
Let us consider another GFS
topology T, = {59 1,F, .G, ,H } where F G are

given in Example 5.

= [H,(e)=(1%107,%,106,x,\04]05) H, (e, )= (1%, \0.3,%,105,x,108},06), |
H‘:{ H, ;)= (%,10.7,%,108,x,106},07)

Then T, isfinerthan T .

Proposition 6

Let (X,T1 , E) and (X,T2 , E) be two GFST-spaces
over the same universe (X, E), then (X,T1 F\Tz , E) is
also a GFST-space over(X,E).
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Proof

W) ¢,,1, €T, AT,.

(i) Let {(,Eﬂ )i - 1e A, A being anindex set} be a

family of GFSS inT, NT,. Then (Izﬂ )i eT, and

(Eﬂ)i eT,,VieA,so D(Eﬂ)i cT, and D{\(IE/J)I eT,.
ieA 1€

Hence U ([fﬂ )i eT, NT,.
ieA

i) LetF,,G, €T, AT,. Then F,,G,<ET, and

F, ,G, €T,.

F, A G, €T,

Eﬂ AG, €T, AT,. Hence T, AT,forms a GFS

Since andF, "G, €T,,  so

topology over (X , E).

Remark: The union of two GFS topologies over(X, E)

may not be a GFS topology over(X, E), which follows
from the following Example.

Example 7

LetX = {X,,X,,X;} and E ={e,,e,,e,}
Let us consider T, = {59 ,IA , IEH} andT, = {~ ,IA ,(55}
be two GFS topologies over (X, E), where F,, (36 are

(4
u
GFSS over(X, E) defined as follows
: F (e)=({%10.6,x,10.4,%,103},01),F,(e,) = ({x,10.2,x,10.3,,105},0.3), ] ,
" F,(e,)=({\0.7,%,106,%,10.1},05)

E
where u € |

5 =

= [Gy[e)=(x105,%,102,%,\0403),G, (e, )= ({1 01,x,102,%,103},02), |
G, (e,)=({x,10.8,x,105,x,10},04)

where S e | ©

Now, T =T, UT, :{%’:Tn";wé&}
5:|:|V

(DX

Let F Y
Where

<~ [H,(e)= (b 106,x,10.4,%, 104}03), H, (e, )= ({x,10.2,%,103,%, 105},03),
‘ H, (e;)=({x,108,x,10.6,%,10.1},0.5)

Now H A T .
Thus T is not a GFS topology over (X, E).

Definition 15

Let (X,T,E) be a GFST-space and IEﬂ be a GFSS

over(X, E). Then the generalised fuzzy soft closure of
lzﬂ, denoted by IEH is the intersection of all GFS closed

supper sets of lEﬂ .

Clearly, Fﬂ is the smallest GFS closed set

over(X, E) which contains lEﬂ .

Example 8

Letx — {X11 X2, Xa} and g = {el'eZ}
Let us consider the following GFSS over (X, E)-

=FF (er)= (04107, %,103,1,102}.04), F, (e;)=(,106,%,10.1, 1,104}, 05)
(G;(e)=({x,0.6,x,104,%;105},05),G; e, )= ({x, 10.5,x,10.3,x,10.1},0.3)}

Fu
G 0

- ]
Il

{H, (&)= (0.7, x,104,%;105},05), H, (e, )= ({x, 1 0.6, x,10.3,x;10.4},05) }
{3,(6)=({,\0.6,%,103 %;102},04),J (e )=({x;105,%,10.1,%;10},03) }

v

[
1

[

Let us
T= {59 '

consider the GFS topology

1.E,.G,,A,, 3 }over (X,E).

Now,

l':"c

"

I 5(e)= (06, 103,%,107,%, 108,08 F, (e, )= (1 04,%,109,%, 106}, 05)]

G~C

4

6,5(6)= (04, \0.4,%,106,%,105},05),6,° (e, )= ({¢, 05,107, %,10.9},0.7) |

A, ={H,5(e) = (% 103,%,106,%,105},05), H, (e, )= ({x,\0.4,x,10.7,%,\06},05)]

v

3.5 =0.5(6)= (06, 104,%,107,%,108},06),,"(e, )= (1 105,%,109,x,109},0.7)]

o

Clearly, F,° ,G,“,H,°,J ° are GFS closed sets. Let us

consider the following GFSS over(X, E).

M, ={M, (&)= ({x \04,x,105x104}06),M,(e,)=({x \03,x,10.6,%10.7},03)}

Then the GFS closure ofM , denoted byMTq is the
intersection of all GFS closed sets containing y .

Thatis, M, =J,°A 1 =J,°



Theorem 1

Let (X,T,E) be a GFST-space. Let IEﬂ and (36 are
GFSS over(X,E). Then

~

1) ¢9 :¢9 L =1

(@ F,EF,

3 ~# s GFS closed if and only if IEH = IE_H
@ F,=F,

) F,EG,=F, G,

6 F,OG, :FTQG'_J

(7 F,AG,&F,AG,

Proof

(1) and (2) are obvious.

(3) LetF, be a GFS closed set. By (2) we

is the smallest GFS closed set
which  contains Eﬂ, then IE c IE

Conversely, let IEH = IEH . Since IEH is a GFS closed

set, then IE/, is a GFS closed set over (X, E).

(4) Since ﬁ_ﬂ

is a GFS closed set therefore, by (3) we

—_

haveF, = F,
(5) Let Fﬂ éGg. Then every GFS closed super set
ofég will also contain IE/‘. That is, every GFS closed
super set of (35 is also a GFS closed super set of IE/‘.

Hence the intersection of GFS closed super sets of Fﬂ is
contained in the GFS intersection of GFS closed super

set of G, . Thus IEH cG,
(6) Since IEﬂ c

Eﬂ OG,andG; &
G

G, and s C Thus,

F,OG, .

7

)| t‘l‘ll|
Nt
™
(@]

C
O}

'I'II

s &
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asF,cF, and G;cG,. So

F, OG, , by (5), ﬁ_ﬂoé_g is a GFS closed
E

)

b
Then F, 065 c IEu 065 T

Conversely,
F, OG,

c
set over(X

~

eing the union of two GFS closed sets.

(7) Since IEH
| AG,

AG,CF,AG,.

G, c F,and

l

Definition 16

Letlzﬂ be a GFSS over(X,E). We say

that(ef ,el)'é lzﬂ read as (ef ,e/1> belongs to the GFSS
- F(e)x)=

F, if a(0<a<l) and
Fe)y)=0,vye X \{x},uEe)> 1.

Proposition 7

Every non-null GFSS IEﬂ can be expressed as the union
of all the generalised fuzzy soft points which belong
toF,.

Proof: Obvious.

Definition 17

A GFSS IE/, in a GFST-space (X,T , E) is called a
generalised fuzzy soft neighbourhood [GFS-nhd, in short]
of the GFSS G; if there exists a GFS open set H , such

that G, & H, EF,.

I

Definition 18

A GFSS IEﬂ in a GFST—space(X,T,E) is called a
generalised fuzzy soft neighbourhood of the generalised

fuzzy soft point(ef ,el)é ]~.A if there exists a GFS open

set éa such that(ef e, ) é cF

"
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Proposition 8

Let(X,T,E) be a GFST-space over(X,E). Then

1) Each(ef ,el)é 1, has a GFS nbd;

) If IEH and (35 are GFS nbd of some (ef ,ei)é 1
then Eﬂ A 65 is also a GFS nbd of ( Y /1).

)elA and |E cG,
then (35 is also a GFS nbd of (ef ,e,l).

(3) If FH is a GFS nbd of (ex

Proof

(1) is obvious.
(2) Let F and G be the GFS neighbourhoods of

( ey ,e /1) IA then there exist H NU €T such that
(e;‘, A)EI-T é and (ef,el)'é N_EG,. Now
( )E H, a (eff ,ei)é N_  implies that
( )EI—~| and H AN_ZT: so we
have(ex,ei)eH mN élzﬂﬁég Thus F, A G,

is a GFS neighbourhood of ( e, )

(3) Let Fﬂ be a GFS neighbourhood of (ef ,ei)é IA and

Eﬂ - C~55. By definition there exists a GFS open set H~V

(e<.e,)eH, EF, £G,.

Thus(e)f‘ ,ei)é H, &G,. Hence G,
neighbourhood of (e )

such that

is a GFS

Definition 19

Let (X,T,E) be a GFST-space. Let IE/, be a GFSS

over (X,E) and ( e,l)‘é 1. Then (ef ,el) is said to
be a generalised fuzzy soft interior point of IE

)26, 2F

if there

exists a GFS open set G such that (ex F,.

Definition 20

Let (X,T , E) be a GFST-space. Let Eﬂ be a GFSS

over(X,E). The generalised fuzzy soft interior of IE#,
denoted by IEH0 is the union of all generalised fuzzy soft
open subsets of IEH .

Clearly, F#O is the largest generalised fuzzy soft open

set over(X, E) which contained in IEH )

Example 9

Let X ={X,,X,,X;} and E={e, e, }.
Let us consider the following GFSS over (X, E)

F,=1F (e)=(4107,%,103,%;\02} 04)F, e;)= (6,106, %,10.,1,10.4,05)
Gs =[6;(&1) ({1 06,%,10.4,%\051,05), G;(e,)=({x, 105,,103,%;10.1},03) |
H, ={H, (&)= \0.7, %, 104, %, \05},05), H, (e, )= ({x,106,x, 103, x;104},05)}

3, =100, (e,)=({,\0.6,%,103,%;10.2},04),J, (¢, ) = (1%, \05,%,10.1,%;10.4},0.3) }

Let _Us consider the GFS
T=,.1.F,.G,.A,.J, | over (X,E).

L7

Let us consider the following GFSS over (X, E).

topology

N, =N, (e)=({c\08,x,105,% \04}05),N, (e, )= ({x, \06,x,103,x,108},0.7)}

v

Then the generalised fuzzy soft interior of N~y, , denoted
by NWO , is the union of all generalised fuzzy soft open

subsets of N

That is, =g, U 3 30 .

u/

Theorem 2

Let (X,T,E) be a GFST-space. Let IEﬂ and (35 are
GFSS over (X,E). Then

w S =4 0Lf=1

@ FfcE,

(3) F, is GFS open if and only if (Eﬂ )° —F,
@ (FSf=FS



Proof: Straightforward.

Theorem 3

A GFSS IEﬂ over(X, E) is a GFS open set if and only if

F, isa GFS nbd of each GFSS (35 contained in IEH :

Proof

First suppose IEﬂ is a GFS open and (35 is any GFSS

contained in lEﬂ. We have C~55 - F, c F,. it follows
that F, is a neighbourhood of G, .

Conversely, suppose Eﬂ is a neighbourhood for every

GFSS contained it. Since Fﬂ F there exist a GFS

RS

-
open set H~V suchthat F < I:IV cF .
GF

7

=

Hence Eﬂ = I:IV and F, is GFS open.

Theorem 4

Let(X,T,E) be a GFST-space and IEﬂ be a GFSS
over(X,E). Then

w ) =FE)
@ [E°) =)
Proof

)7

= (Q{ééﬂé;isGFS opensetand G,° & IE,, })
-(F)°

) (IEHO)C = (O{éﬂ G, isGFSopensetand G, & |EM })

1) (I?ﬂ)cz(ﬁ{éd | G, is GFS closed setand F. ééé})c
[

C

Chakraborty and Mukherjee 9

= (F“ {é(sc | G,° is GFS closed setand G,° 5 F, ° })

Definition 21

Let(X,T , E) be a GFST-space. A subfamily R of T is

said to be a GFS base for T if every member of T can
be expressed as the union of some members of R .

Lemma: Let(X,T,E) be a GFST-space and R be a
GFS base for T over (X,T,E). Then T equals the
collection of all unions of elements of R .

Proof: Obvious.

Proposition 9

Let(X T, E) be a GFST-space andR T . Then R is
a GFS base forT if and only if for any (ef ,ei)é ZI~.A and

any GFS open set (35 containing (ef

,e,l), there exists
R, €, such that (eg ,el)é R,and R, &

g,

y7s
Proof: Straightforward.

GENERALISED FUZZY SOFT COMPACT SPACES

The closed and bounded sets of real line were
considered an excellent model on which to fashion the
generalised version of compactness in topological space.
The concept of compactness for a fuzzy topological
space has been introduced and studied by many
mathematicians in different ways. The first among them
was Chang (1968).

In this article, we introduce and study compactness in
generalised fuzzy soft topological perspective.

Definition 22

A family Q of generalised fuzzy soft sets is a cover of a
generalised fuzzy soft set F, iff F, is contained in the
union of members of Q. That is,
F,20{G,) :(G5) e 2en

It is a generalised fuzzy soft open cover iff each

member of Q is generalised fuzzy soft open set. A sub
cover of Q is a subfamily of Q which is also a cover.
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Definition 23

Let (X,T,E)be a generalised fuzzy soft topological
space and Eﬂ be a generalised fuzzy soft set, over

(X,E) is called generalised fuzzy soft compact (
henceforth GFS compact) if each generalised fuzzy soft

open cover of F, has a finite sub cover. Also,

generalised fuzzy soft topological space (X, T, E) is called
generalised fuzzy soft compact if each generalised fuzzy

soft open cover of 1, has a finite sub cover.

Definition 24

A family Q of generalised fuzzy soft sets has the finite
intersection property if the intersection of the members of
each finite sub family of Q is not the generalised null
fuzzy soft set.

Theorem 5

A generalised fuzzy soft topological space is GFS
compact if and only if each family of GFS closed sets with
the finite intersection property, has a generalised non-
empty fuzzy soft intersection.

Proof

Let (X,T,E)be a GFS compact
Q:{(é'&)i A eA} be a collection of GFS closed
subsets of (X, T, E) with the FIP and suppose, if possible,

ﬁ{(ég)ﬂ tAeA }: (Ze. Then [ﬁ{(@ )ﬂ ; /1eA}J°:IAor
Q{(C~55c)/1 ) eA}= ]~.A by De-Morgan law. This
{égc tAeA }
AeA }are GFS closed. Since (X,T,E)is

space and let

means that is open cover ofl,,

)

GFS compact, we have that ;:1{(@5°)l: ﬂeA}=L and
so by De-Morgan law Lrﬂ\l{(éé)/1 le A}}C =1, Wwhich

implies that é{(@(s)ﬁ A eA}ngg. However, this

contradicts the FIP. Hence we must have

F\{(Gg)l: /16/\}7&50.
Conversely, let Q:{(éé)i: ﬂeA} be a GFS open

cover of 1, so that

b = [~ {(Gﬁ)z:}“EA}C :a{(éac)z LA GA}

Thus, {(éﬁc)i Ae A} is a collection of GFS closed

sets with generalised non-null fuzzy soft intersection and
so by hypothesis this collection does not have the FIP.
Hence there exists a finite number of GFSS

6,),: 2=12,.....n} such that

Hence (X, T, E) is GFS compact.

Conclusion

The proposed work is basically a theoretical one. If these
theoretical back-ups are properly nurtured and fruitfully
developed, it will definitely usher in various nice
applications in the fields of Engineering Science, Medical
Science and Social Sciences, by skilfully analyzing and
interpreting imprecise data mathematically.
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INTRODUCTION

Algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as
theoretical physics, computer sciences, control engineering,
information sciences, coding theory, topological spaces, and
the like.

Nachbin (1965) initiated the study of topological ordered
spaces. Levine (1970) introduced the class of g-closed sets, a
super class of sets in 1970. Veera Kumar (2000) introduced a
new class of sets, called g*-closed sets in 2000, which is
properly placed in between the class of closed sets and the class
of g-closed sets. Veera Kumar (2002) introduced the concept of
i-closed, d-closed and b-closed sets in 2001. Srinivasarao
introduced ig-closed, dg-closed, bg-closed, ig*-closed, dg*-
closed and bg*-closed sets in 2014. In this paper, Srinivasarao
discusses the possible applications of ig, dg and bg — closed
type sets in topological ordered spaces.

A topological ordered space is a triple (X, 1, <), where 1 is a
topology on X, Where X is a non-empty set and < is a partial
order on X.

Definition 1

For any xeX, {yeX/x<y} will be denoted by [x, —»] and

{yeX/y<x} will be denoted by [«, X]. A subset A of a
topological ordered space (X, 7, <) is said to be increasing if A

=i(A) where i(A) = U [a, =] (Veera Kumar, 2002).

acA

Definition 2

For any xeX, {yeX/y<x} will be denoted by [«, X]. A subset
A of a topological ordered space (X, t, <) is said to be

decreasing if A = d(A), where d(A) :U [a, <] (Veera
aeA

Kumar, 2002).

PRELIMINARIES
Definition 1
A subset A of a topological space (X, 7 ) is called

1) a generalized closed set (briefly g-closed) (Levine, 1970) if
cl(A) c U whenever Ac U and U is open in (X, 7).
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mailto:gsrinulakshmi77@gmail.com
http://creativecommons.org/licenses/by/4.0/deed.en_US
http://creativecommons.org/licenses/by/4.0/deed.en_US

2) a g"-closed set (Veera Kumar, 2000) if cI(A) — U whenever
AcUandUisg-openin (X, 7).

Definition 2

A subset A of a topological space (X, 7, <) (Veera Kumar,
2002; Srinivasarao, 2014) is called

1) ani-closed set if A is an increasing set and closed set.

2) a d-closed set if A is a decreasing set and closed set.

3) a b-closed set if A is both an increasing and decreasing set
and a closed set.

4) ig-closed set if icl(A) — U whenever AcC U and U is open in
X, 7).

5) dg-closed set if dcl(A) — U whenever A U and U is open
in (X, 7).

6) bg-closed set if bcl(A) — U whenever A U and U is open
in (X, 7).

Theorem 1: Every closed set is a g-closed set

The following example supports that a g-closed set need not be
closed set in general (Veera Kumar, 2000).

Example 1

Let X ={a, b, c}, u=4{¢, X, {a}} and <I = {(a, a), (b, b), (c,
c), (a, b), (b, c), (a, c)}. Clearly (X, 15, <I) is a topological
ordered space. Closed sets are ¢ , X, {b, c}. g-closed sets are ¢,
X, {b}, {c}, {a, b}, {b, c}, {c,a}. Let A={c}. Clearly A is a g-
closed set but not a closed set (Veera Kumar, 2000).

Theorem 2: Every g*-closed set is a g-closed set

The following example supports that a g-closed set need not be
a g*-closed set in general (Veera Kumar, 2000).

Example 2

Let X ={a, b, c}, 2t={¢, X, {a}} and <1 = {(a, a), (b, b), (c,
c), (& b), (b, ¢), (a c)}. Clearly (X, 1, <I) are topological
ordered spaces. g-closed sets are ¢, X, {b}, {c}, {a,b}, {b, c},
{c, a}. g*-closed sets are ¢, X, {b, c}.Let A={c}. Then Ais a
g-closed set but not a g*-closed set (Veera Kumar, 2000).

Theorem 3: Every i-closed set is an ig-closed set

The following example supports that an ig-closed set need not
be an i-closed set in general (Srinivasarao, 2014).
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Example 3

Let X ={a, b, c}, 2t ={d, X, {a}} and <2 = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 1, £2) is a topological ordered
space (Srinivasarao, 2014).

ig-closed sets are @, X, {b}, {a, b}. i-closed sets are ¢, x. Let
A = {b} or {a, b}. Clearly, A is an ig-closed set but not an i-
closed set.

Theorem 4: Every d-closed set is a dg-closed set

The following example supports that a dg-closed set need not
be d-closed set in general (Srinivasarao, 2014).

Example 4

Let X ={a,b,c}, 2t={d, X, {a}} and <2 = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 1, <2) is a topological ordered
space (Srinivasarao, 2014). dg-closed sets are ¢, X, {c}, {b, c}.
d-closed sets are ¢, X, {b, c}. Let A = {c}. Clearly, A is a dg-
closed set but not a d-closed set.

Theorem 5: Every b-closed set is a bg-closed set

The following example supports that a bg-closed set need not
be a b-closed set in general (Srinivasarao, 2014).

Example 5

Let X ={a, b, c}, 7, ={@, X, {a}} and <3 = {(a, a), (b, b), (c,
c), (a, b), (a c)}. Clearly (X, 7,, <s) is a topological ordered

space. bg-closed sets are ¢, X, {c}. b-closed sets are @, X.

Let A = {c}. Clearly A is a bg-closed set but not a b-closed set
(Srinivasarao, 2014).

Theorem 6: Every bg-closed set is an ig-closed set

The converse of the above theorem need not be true
(Srinivasarao, 2014). This will be justified from the following
example.

Example 6

Let X ={a, b, c}, 7, ={¢, X, {a}, {b}, {a, b}} and <, = {(a,
a), (b, b), (c, ), (a, b), (b, ), (a c)}. Clearly (X, 7;, <1)isa
topological ordered space (Srinivasarao, 2014).

Let A = {c}. Clearly A is an ig-closed set but not a bg-closed
set.



14 Afr. J. Math. Comput. Sci. Res.

Theorem 7: Every bg-closed set is a dg-closed set

The converse of the above theorem need not be true
(Srinivasarao, 2014). This will be justified from the following
example.

Example 7

Let X ={a, b, c}, 7, ={@, X, {a}, {b}, {a, b}} and <3 = {(a,
a), (b, b), (c, c), (@ b), (& c)}. Clearly (X, 7,,<3) is a

topological ordered space (Srinivasarao, 2014). Let A = {a, c}.
Clearly A is a dg-closed set but not a bg-closed set.

Theorem 8: Every b-closed set set is an i-closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 8

Let X ={a, b, c}, 7, ={¢, X, {a}, {b}, {a, b}} and <; = {(a,
a), (b, b), (c, ¢), (a b), (b, ), (a c)}. Clearly (X, 7,,<1) is a
topological ordered space (Srinivasarao, 2014). i-closed sets
are @, X, {c}, {b, c}. b-losed sets are ¢, X. Let A = {c} or
{b, c}. Clearly A is an i-closed set but not a b-closed set.

Theorem 9: Every b-closed set is a d-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 9

Let X={a b, c} 7, = {9, X, {a}, {b}, {a, b}} and <, = {(a,
a), (b, b), (c, ¢), (a b), (c, b)}. Clearly (X, 7,, <) is a
topological ordered space (Srinivasarao, 2014). d-closed sets
are @, X, {c}, {b, c}. b-closed sets are ¢, X. Let A = {c} or
{b, c}. Clearly A is a d-closed set but not a b-closed set.

Theorem 10: Every ig-closed set is an ig-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 10

LetX={a, b, c}, 7, ={@, X {a}} and <= {(a a), (b, b),

(c, ¢), (a b), (b, c), (a c)} Clearly (X, 7,,<:) is a topological
ordered space (Srinivasarao, 2014). ig-closed sets are ¢, X,

{c}, {b, c}. ig'-closed sets are ¢, X, {b, c}. Let A = {c}.
Clearly A is an ig-closed set but not a ig”™-closed set.

Theorem 11: Every dg’-closed set is an dg-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 11

LetX={a,b,c}, 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,,<,) is a topological ordered
space (Srinivasarao, 2014). dg-closed sets are ¢, X, {c}, {b,

c}. dg’-closed sets are ¢, X, {b, c}. Let A = {c}. Clearly A is

an dg-closed set but not a dg’-closed set. So the class of dg-
closed sets properly contains the class of all dg -closed sets.

Theorem 12: Every bg -closed set is a bg-closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 12

Let X ={a, b, c}, 7, ={@, X, {a}} and <; = {(a, a), (b, b), (c,
c), (a, b), (a, c)}. Clearly, (X, 7,,<s is a topological ordered

space. bg'-closed sets are ¢, X. bg-closed sets are @, X, {c}
(Srinivasarao, 2014). Let A = {c}. Clearly A is bg-closed set

but not a bg -closed set. So the class of bg-closed sets properly
contains the class of all bg -closed sets.

Theorem 13: Every bg -closed set is an ig"-closed set

The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 13

Let X ={a, b, c}, 73 ={@, X, {a}, {b, c}} and <3 = {(a a), (b,

b), (c, ), (a, b), (a c)}. Clearly (X, 73, <3 is a topological

ordered space (Srinivasarao, 2014). Let A = {b}. Clearly A is
an ig"-closed set but not a bg™-closed set.

Theorem 14: Every bg -closed set is an dg -closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.
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Let X ={a, b, c}, 7, ={¢, X, {a} {b}, {a b}} and <3 = {(a,
a), (b, b), (c, ¢), (a b), (@, )} Clearly (X, 7;, <3) is a
topological ordered space (Srinivasarao, 2014). Let A = {a, c}.
Clearly A is a dg -closed set but not a ig’-closed set. The class

of all dg’-closed sets properly contains the class of all bg'-
closed sets.

Theorem 15: Every i-closed set is an ig -closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 15

Let X={a, b, c}, 75 = {¢,X {a}, {b,c}}and <,={(a a),
(b, ), (c, ), (& ), (c, B)}. Clearly (X, 75, <4) is a topological
ordered space. ig -closed sets are @, X, {b, c}. i-closed sets are

@, X. Let A ={b, c}. Clearly A is a ig"-closed set but not an i-

closed set (Srinivasarao, 2014). The class of all ig™-closed sets
properly contains the class of all i-closed sets.

Theorem 16: Every d-closed set is a dg -closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 16

Let X={a, b c}, 7, = {9, X, {a}, {b, c}} and <, = {(a, a),
(b, b), (c, ©), (& b), (c, b)}. Clearly (X, 7,, <) is a topological
ordered space (Srinivasarao, 2014). dg’-closed sets are @, X,

{b, c}. d-closed sets are ¢, X. Let A = {b, c}. Then A is dg’-
closed set but not a d-closed set. The class of all dg”-closed sets

properly contains the class of all d-closed sets.
Theorem 17: Every b-closed set is a bg -closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 17

Let X={a, b, c}, 74 = {9, X, {a}, {b}, {a, b}H{a, c}} and <,
={(a, a), (b, b), (c, c), (b, ¢), (c, a), (b, &)}. Clearly (X, 74, <)
is a topological ordered space (Srinivasarao, 2014). bg-closed
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sets are ¢, X, {b}. b-closed sets are ¢, X. Let A = {b}. Then

A is bg-closed set but not a b-closed set. The class of all bg’-
closed sets properly contains the class of all b-closed sets.

Theorem 18: Every bg -closed set is an ig-closed set

Then every bg'-closed set is an ig-closed set (Srinivasarao,
2014). The converse of above theorem need not be true. This
will be justified from the following example.

Example 18

Let X={a b, c} 7, = {9, X, {a}, {b}, {a, b}} and <3 = {(a,
a), (b, b), (c, c), (a b), (& c)}. Clearly (X, 7;, <3 is a
topological ordered space (Srinivasarao, 2014). bg™-closed sets
are ¢, X. ig-closed sets are ¢, X, {c}, {b, c}. Let A = {c} or
{b, c}. Clearly A is an ig-closed set but not a bg -closed set.

The class of all ig-closed sets properly contains the class of all
bg -closed sets.

Theorem 19: Every bg -closed set is a dg-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 19

Let X={a b, c} 7, = {9, X, {a}, {b}, {a, b}} and <, = {(a,
a), (b, b), (c, c), (& b), (c, b)}.Clearly (X, 7,,<) is a
topological ordered space (Srinivasarao, 2014). bg™-closed sets
are ¢, X. dg-closed sets are ¢, X, {c}, {b, c}. Let A= {c} or
{b, c}. Clearly A is a dg-closed set but not a bg”-closed set.

APPLICATIONS OF g-CLOSED SETS

We introduce the following definitions.

Definition 1
A topological ordered space (X, 7, <) is called

i) a; Ty space, if every ig-closed set is closed.
ii) a 4Ty, Space, if every dg-closed set is closed.
iii) a p Ty Space, if every bg-closed set is closed.

Theorem 1: Every Ty, space is , Ty, space

Proof

Let (X, 7, <) be {Ty, space. Let A be bg-closed subset of
X.Then A is an ig-closed set.Since (X, 7, <) is an Ty, space
then A’ is a closed set. Therefore every bg-closed setisa
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closed set. Hence (X, 7)) is a , Ty, space. The converse of the
above theorem need not be true. This will be justified from the
following example.

Example 1

Let X={a,b,c} 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (b, ¢), (a c)}. Clearly (X, 7,, <i) is a topological

ordered space. bg-closed sets are @, X. Closed sets are @, X,
{b, c}. Here every bg-closed set is a closed set. Therefore (X,

T,, <g)is Ty, Space.

Theorem 2: Every 4Ty, space is , Ty, space
Proof

Let (X, 7, <) be 4Ty, space. We show that (X, 7,<)isapTi»
space. Let A be bg-closed subset of X. Then A is a dg-closed
subset of X. Since (X, 7, <) is 4Ty, Space, we have A is a
closed set. Thus every 4Ty, space is ,T1,, Space. The converse
of the above theorem need not be true. This will be justified
from the following example.

Example 2

Let X ={a,b,c}, 7, ={¢, X, {a}} and <, = {(a, @), (b, b),(c,
c), (a, b), (c, b) }. Clearly (X, 7,,<y is a topological ordered
space. bg-closed sets are@, X . Closed sets are ¢, X. Here
every bg-closed set is a closed set. Hence (X, 7,,<;) is yT12
space. dg-closed sets are @, X, {c}, {b, ¢ }. Here {c} or {b, c}

is not a closed set. Thus (X, 7,, <) is not a 4Ty, Space.

Theorem 3: Ty, space and 4Ty, space are independent
notions as will be seen in the following examples

Example 3

Let X ={a, b, c}, 7, ={¢, X, {a}} and <, = {(a, @), (b, b),(c,
c), (a b), (b, c), (a, c)}. Clearly (X, 7,,<1) is a topological
ordered space. Closed sets are @, X, {b, ¢ }. ig-closed sets are
@, X, {c}, {b, c} and dg-closed sets are ¢, X. Here every dg-

closed set is a closed set. Thus (X, 7,, <y is qT. Space . Let
A={c}. Clearly a is an ig-closed set but not a closed set. Hence
(X, 7,,<1) isnot a Ty, space.

Example 4

LetX={a b, c}, 753 ={¢, X {a}, {b, c}} and <;= {(a, a),

(b, b), (c, ©), (a b), (a c)}. Clearly (X, 75, <s) is atopological
ordered space. Closed sets are ¢, X, {a}, {b, ¢ }. ig-closed sets
are ¢, X. dg-closed sets are ¢, X, {c}. Here every ig-closed
set is a closed. Thus (X, 75,<3) is iTy, space. Let A={c}.
Clearly A is dg-closed set but not a closed set. Hence (X,
T4,<g) isnota 4Ty, space.

We thus introduce the following definitions.

Definition 2
The topological ordered space (X, 7z, <) is called

ii Tia2 space if every ig-closed set is an i-closed set.

iiyd T .12 SPace if every dg-closed set is an d-closed set.
iiiyb T b,1/2 SPace if every bg-closed set is a b-closed set.
iv)c Ti space if every closed set is an i-closed set.

vyc Ta space if every closed set is a d-closed set.

viyc Tb Space if every closed set is a b-closed set.

viiyi Tb Space if every i-closed set is a b-closed set.

viiiy d b Space if every d-closed set is a b-closed set.

Theorem 4: Every Ty, space isa . T; space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <) isa .T;
space. Let A be a closed set. Since (X, 7, <) is . T, Space, then
A is a b-closed set. Then A is an i-closed set. Therefore every
closed set is an i-closed set. Then (X, 7, <) is a .T; space.
Hence every T, space is a .T; space. The converse of above
theorem need not be true. This will be justified from the
following example.

Example 5

Let X={a,b,c} 7, = {¢, X, {a}}and <, = {(a, a), (b, b), (c,
c), (a b), (b, c), (a, c)} Clearly (X, 7,,<y is a topological
ordered space. Closed sets are ¢, X, {b, ¢ }. i-closed sets are

@, X, {b, c} and closed sets are ¢, X . Here every closed set
is an i-closed set. Let A = {b, c}. Clearly A is a closed set but
not a b-closed set. Thus (X, 7,,<1) is T space but not Ty
space.

Theorem 5: Every Ty, space is a T4 Space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <)isa Ty
space. Let A be a closed set. Since (X, 7, <)is T, space, then



A is a b-closed set. Then A is a d-closed set. Therefore every
closed set is a d-closed set. Then (X, 7, <) is a ;T4 space.
Hence every T, space is a (T4 space. The converse of the
above theorem need not be true. This will be justified from the
following example.

Example 6

Let X ={a, b c}, 7,={¢, X {a}}and <, = {(a a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,,<;) is a topological ordered
space. closed setsare ¢, X, {b, ¢ }. d-closed sets are ¢, X, {b,
c} and b-closed sets are ¢, X . Here every closed set is a d-

closed set. Let A = {b, c}. Clearly A is a closed set but not a b-
closed set. Thus (X, 7,, <) is ;T4 space but not T, space.

Theorem 6: Every Ty space is a T, space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <)is a Ty
space. Let A be an i-closed set. Then A is a closed set. Since
X, 7, ) is Ty space, then A is a b-closed set.. Therefore
every i-closed set is a b-closed set. Then (X, 7, <) is an T,
space. Hence every T, space is a i T, space. The converse of the
above theorem need not be true. This will be seen in the
following example.

Example 7

Let X = {a,b,c}, 7, ={¢, X, {a}, {b}, {a, b}} and <, = {(a,
a), (b, b),(c, c), (a b), (c, b)}. Clearly (X, 7,, <) is a
topological ordered space. Closed sets are ¢, X, {c}, {a, c},

{b, ¢ }. i-closed sets are ¢, X . b-closed sets are @, X. Clearly
every i-closed set is a b-closed set where as every closed set is
not a b-closed set. Let A = {c} or {a, c} or {b, c}. Clearly A is
a closed set but not a b-closed set. Thus (X, 7,, <) is ;T4 Space
but not . T}, space.

Theorem 7: Every Ty, space is 4T, space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <) isa 4Ty
space. Let A be a d-closed set then A is a closed set. Since (X,
7, <) is .Tyspace then Ais a b-closed set. Thus every d-closed
set is a b-closed set. Thus every Ty space is 4T, space. The
converse of the above theorem need not be true. This will be
justified from the following example.
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Example 8

Let X={a, b,c}, 7y, = {9, X, {a}.{b}.{a, b}} and <; = {(a,
a), (b, b), (c, ), (a, b), (b, c), (a, c)}. Here closed sets are @, X,
{c}, {b,c}, {a,c}. d-closed sets are ¢, X and b-closed sets are
@, X. Let A = {c} is not a b-closed set. Every d-closed sets is

b-closed set. Thus (X, 7,,<y isa 4T}, space but not . Ty, space.

Theorem 8: The spaces . T; and T4 are independent notions
as will be seen in the following examples

Example 9

Let X={a, b, c}, 7;, ={¢, X, {a}, {0}, {a, b}} and <, = {(a,
a), (b, b), (c, ¢), (& b), (c, b)}. Clearly (X, 7,, < is a
topological ordered space. Closed sets are ¢, x, {c}, {b,c},

{a,c}. i-closed sets are ¢, X. b-closed sets are @, x.

Clearly, every i-closed set is a b-closed set where as every
closed set is not a b-closed set. Thus (X, 7;, <;) is an T, space
but not T space.

Example 10

LetX={a b, c}, 7, ={@, X, {a}{b}{ab}}and < ={(a
a), (b, b), (c, ©), (&, b), (b,c), (a,c)}. Here closed sets are ¢, X,
{c}, {b,c}, {a,c}. d-closed sets are ¢, X and b-closed sets are
@, X. Let A = {c} is not a b-closed set. Every d-closed sets is

b-closed set. Thus (X, 7,,<1) is a 4Ty space but not . Ty, space.

Theorem 9: The spaces are Ty and 4T, are independent
notions as will be seen in the following examples

Example 11

Let X ={a b, c}, 7, ={¢, X, {a}{b},{a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a b), (b, ), (a,c)}. Clearly (X, 7;, <)) is a
topological ordered space. d-closed sets are ¢ ,x . i-closed sets
are @, X, {c}, {b, c}. b-closed sets are ¢ x.

Clearly every d-closed set is a b-closed ,set where as every i-

closed set is not a b-closed set. Thus (X, 7;, <y isan 4T, space
but not ;T,, space.

Example 12

Let X= {a b c}, 7, ={¢, X {a}, {b}, {ab}} and < = {(a,
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a), (b, b), (c, ¢), (a, b), (c, b)}. Clearly (X, 7;, <) is a
topological ordered space. Here i-closed sets are ¢, X. d-

closed sets are ¢, X, {c}, {b, c} and b-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a d-closed set but not a b-
closed set. Every i-closed sets is a b-closed set where as every

d-closed set is not a b-closed set. Thus (X, 7,,<;) isa 4T, space
but not . T}, space.

Theorem 10: The spaces Ty and . T; are independent notions
as will be seen in the following example

Example 13

Let X={a,b,c}, 7,, = {¢, X, {a}, {v}, {a, b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (c, b)}. Clearly (X, 7;, <) is a
topological ordered space. Here i-closed sets are ¢, X. Closed

sets are @, X, {c}, {b, c}, {a, c} and b-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a closed set but not a b-
closed set. Every i-closed sets is a b-closed set where as every

closed set is not a b-closed set. Thus (X, 7,,<1) is a iT, space
but not . T; space.

Example 14

Let X={a,bc} 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a b), (b, c), (a, c)}. Clearly (X, 7,,<1) is a topological
ordered space. Closed sets are ¢, X, {b, ¢ }. i-closed sets are

@, X, {b, c} and b-closed sets are ¢, X . Here every closed
set is an i-closed set. Let A = {b, c}. Clearly A is an i-closed
set but not a b-closed set. Thus (X, 7,, <y is ;T; space but not
i Tp Space.

Theorem 11: The spaces 4T, and (T4 are independent
notions as will be seen in the following examples

Example 15

Let X ={a, b, c}, 75, ={¢, X, {a}, {b}, {a.b}} and < = {(a,
a), (b, b), (c, ¢, (b, @), (a, c), (b, ¢)}. Clearly (X, 7, <¢) isa
topological ordered space. Here closed sets are ¢, X, {b, c} .

d- closed sets are ¢, X and b-closed sets are ¢, X. Let A ={b,
c}. Clearly A is a closed set but not a d-closed set. Every d-
closed sets is a b-closed set. Thus (X, 7;,<g is a T, Space but
not ;T4 space.

Example 16

Let X ={ab,c}, 7, ={@, X, {a}} and <, ={(a a), (b, b), (c,

c), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. Closed sets are ¢, X, {b, ¢ }. d-closed sets are @, X,

{b, c}. b-closed sets are ¢, X. Clearly every closed set is a d-

closed set where as every d-closed set is not a b-closed set.Let
A = {b,c}. Clearly A is a closed set but not a b-closed set. Thus

(X, 7,, <9 is ;T4 space but not 4T, space.

Theorem 12: The spaces iTiy, and Ty, are independent
notions as will be seen in the following examples

Example 17

Let X={a, b, c}, 74, = {@, X, {a}, {v}, {a,b}, {a, c}} and
< ={(a a), (b, b), (c, c), (b, ), (c, a), (b, a)}. Clearly (X, 7,
<7) is a topological ordered space. Here i-closed sets are @, X,
{a, ¢} . ig- closed sets are ¢, X, {a, c} and b-closed sets are
@, X bg- closed sets are @, X, {b}. Clearly every ig-closed set
is an i-closed set. So(X, Tg, <) is T space. Let A = {b} .
Clearly A is a bg-closed set but not a b-closed set. Thus (X,
Tgy <pyisnotaTyy, space.

Example 18

Let X={a,b,c} 7, = {¢, X, {a}} and <, = {(a, ), (b, b), (c,
c), (a, b), (b, c), (a, c)}. Clearly (X, 7,,<;) is a topological
ordered space. i-closed sets are @, X, {b, ¢ }. ig-closed sets are

@, X, {c}, {b, c} and b-closed sets are ¢, X. Clearly every

bg-closed set is a b-closed set. Let A = {c}. Clearly A is an ig-
closed set but not an i-closed set.

Hence (X, 7,, <y iSuTp12 SPace but not a T; 1,Space.

Theorem 13: The spaces 4Tq1, and Ty 12 are independent
notions as will be seen in the following examples

Example 19

Let X ={a,b.c}, 7, ={@, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (c, B)}. Clearly (X, 7,, <) is a topological ordered
space. d-closed sets are @, X, {b, ¢ }. dg-closed sets are ¢, X,

{c}, {b, c}. bg-closed sets are ¢, X and b-closed sets are ¢,

X. Clearly every bg-closed set is a b-closed set. Let A = {c}.
Clearly A is a dg-closed set but not a d-closed set. Hence (X,

T,, <pisapTpap Space but nota 4Tq1, Space.

Example 20
Let X ={a b, c}, 75, ={@, X {a}, {b}, {ab}, {a c}} and



<7 =A{(a, a), (b, b), (c, ¢),(b, ¢), (c, @), (b, @)}. Clearly (X, 74,
<;) is a topological ordered space. Here d-closed sets are ¢, X,
{b}, {b, c} . dg- closed sets are ¢, X, {b}, {b, c} and b-closed
sets are @, X bg- closed sets are ¢, X, {b} . Clearly every dg-
closed set is a d-closed set. So(X, T4, <7)is ¢Tq2 Space. Let A
= {b} . Clearly A'is a bg-closed set but not a b-closed set. Thus
(X, T4, <pyisnota,Tp s, Space.

Theorem 14: The spaces iTiy, and p Ty, are independent
notions as will be seen in the following examples

Example 21

Let X ={a, b, c}, 74, ={@, X {a}, {v}, {a,b}, {a c}} and
<7 =A{(a, a), (b, b), (c, ¢),(b, C), (c, @), (b, @)}. Clearly (X, 74,
<;) is a topological ordered space. Here i-closed sets are ¢, X,
{a, c} . ig- closed sets are ¢, X, {a, ¢} and b-closed sets are
@, X bg- closed sets are ¢, X, {b} . Clearly every ig-closed
set is an i-closed set. So (X, 74, <) is T;y, space. Let A =
{b}. Clearly A is a bg-closed set but not a b-closed set. Thus
(X, 7,,<g) isnota Ty, Space.

Example 22

Let X={a,bc} 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a b), (b, c), (a, c)}. Clearly (X, 7,,<1) is a topological
ordered space. i-closed sets are @, X, {b, ¢ }. ig-closed sets are

@, X, {c}, {b, c} and b-closed sets are ¢, X . Clearly every

bg-closed set is a b-closed set. Let A = {c}. Clearly A is an ig-
closed set but not an i-closed set.

Hence (X, 7,,<1) iSuTh12 Space but not a T; ,Space.

Theorem 15: Every iTpspaceisan p T p3, Space
Proof

Let be (X, 7, <) iT, space. Now we (X, 7, <) isa T pip
space. Let A be a bg-closed set. Then A is an ig-closed set.
Since (X, 7, <) is T, space then A is a b-closed set. Therefore
every bg-closed set is a b- closed set Hence every T, space is
an , Ty,1/2 Space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 23

Let X ={a, b, c}, 7, ={¢, X, {a},{b}, {ab}} and < = {(a,
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a), (b, b), (c, ¢), (a, b), (b,c),(a,c)}. Here i-closed sets are ¢, X,

{c},{b,c}. b-closed sets are ¢, X and bg-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is an i-closed set but not a b-
closed set. Every bg-closed sets is a b-closed set. Thus (X,

T,,<1) isa Ty 12 Space but not i Ty space.

Theorem 16: Every 4Ty space isan , T 1, Space
Proof

Let be (X, 7, <) 4T, Space. Now we (X, 7, ) is a pT pip
space. Let A be a bg-closed set. Then A is a dg-closed set.
Since (X, 7, <) is 4T, space then A is a b-closed set. Therefore
every bg-closed set is a b- closed set Hence every 4T, space is
an pTp,172 Space. The converse of the above theorem need not be
true. This will be justified from the following example.

Example 24

Let X ={a, b, c}, 75, ={¢, X, {a}, {b}, {a.b}} and <, = {(a,
a), (b, b), (c, c), (a, b), (c, b)}. Clearly (X, 7;, <) is a
topological ordered space. Here b-closed sets are @, X. d-

closed sets are ¢, X, {c}, {b, c} and bg-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a d-closed set but not a b-
closed set. Every bg-closed sets is a b-closed set where as every

d-closed set is not a b-closed set. Thus (X, 7;,<1) is a pTpap
space but not 4T, space.

Theorem 17: Every ;T space is an { Ty, space
Proof

Let (X, 7, <) be {T, space. we show that (X, 7, <)isa Ty
space. Let A be a ig-closed set. Since (X, 7, <) is {T, space
then A is a b-closed set. Then A is a closed set. Thus every i-
closed set is a closed set. Thus every Ty, space is Ty, space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 25

Let X ={a, b, c}, 7, ={@, X, {a}{b}.{a, b}} and <; = {(a,
a), (b, b), (c, ¢), (a, b), (b,c), (a,c)}. Here ig-closed sets are @,
X, {c}.{b,c}. b-closed sets are ¢, X and closed sets are ¢, X,

{c}, {b, c}, {c, a}. Let A ={c} or {b, c}. Clearly A is an ig-
closed set but not a b-closed set. Every ig-closed sets is a

closed set. Thus (X, 7;,<y is a T, space but not i Ty, space.
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Theorem 18: Every 4T, space is an 4Ty, Space
Proof

Let (X, 7, <) be 4T, space. we show that (X, 7, <) isa 4T
space. Let A be a dg-closed set. Since (X, 7, <) is 4T, space
then A is a b-closed set. Then A is a closed set. Thus every dg-
closed set is a closed set. Thus every 4T, space is 4Ty, Space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 26

Let X ={a, b, c}, 7,, ={¢, X, {a}.{b}.{a.b}} and <, = {(a,
a), (b, b), (c, ¢), (& b), (c, b)}. Clearly (X, 7;, <5 is a
topological ordered space. Here b-closed sets are ¢, X . dg-

closed sets are ¢, X, {c}, {b, c} and closed sets are ¢, X, {c},

{b, c}, {c, a}. Let A = {c} or {b, c}. Clearly A is a dg-closed
set but not a b-closed set. Every dg-closed sets is a closed set
where as every d-closed set is not a b-closed set. Thus (X,

7,,51) is a gTyp space and not a 4T, space.

Theorem 19: The spaces .T; and 4T, are independent
notions as will be seen in the following examples

Example 27

Let X = {a, b, c}, 7;, = {@, X, {a}, {b}.{a.b}} and <; = {(a,
a), (b, b), (c, ¢), (a b), (b, ¢), (a c)}. Clearly (X, 7, <1) isa
topological ordered space. Here b-closed sets are ¢, X, {c}. d-
closed sets are ¢, X . Closed sets are @, X, {c}, {b, c}, {a, c}.

i-closed sets are ¢, X, {c}, { b, c}. Let A={a, c}. Clearly A is

a closed set but not an i-closed set. .Every d- closed set is a b-
closed set where as every closed set is not an i-closed set. Thus

(X, 7,,<yisaqTpspace and not a . T; space.

Example 28

Let X ={a, b, ¢}, 74, ={@, X, {a,b}} and <; = {(a, a), (b, b),
(c, ©), (a b), (a, c)}. Clearly (X, 74, <5) is a topological
ordered space. Here b-closed sets are ¢, X, {c} . d-closed sets
are @, X, {c}, {b, c} and closed sets are @, X, {c}. i-closed

sets are @, X, {c}. Let A = {b, c}. Clearly A is a d-closed set
but not a b-closed set. Every closed sets is an i-closed set where
as every d-closed set is not a b-closed set. Thus (X, 7;,<yisa
cTispace and not a 4Ty, space.

Theorem 20: The spaces 4Tq1, and iTii, are independent
notions as will be seen in the following examples

Example 29

Let X ={ab,c}, 7, ={¢, X, {a}, {a, c}} and <3 = {(a, @), (b,
b), (c, ¢), (a, b), (a, c)}. Clearly (X, 7,, <s) is a topological
ordered space. dg-closed sets are ¢, X, {a, b }. d-closed sets
are @, X . ig-closed sets are ¢, X, {b} and i-closed sets are

@, X {b}. Clearly every ig-closed set is an i-closed set. Let A
={a, b }. Clearly A is a dg-closed set but not a d-closed set.
Hence (X, 7,, <gisa;T;y, space but nota 4Tq1, Space.

Example 30

Let X ={abc}, 7, = {@, X, {a}}and <, = {(a, a), (b, b), (c,
c), (a, b), (c, B)}. Clearly (X, 7,, <) is a topological ordered
space. dg-closed sets are ¢, X. d-closed sets are ¢, X . ig-

closed sets are ¢, X, {c}, {b, c} and an i-closed sets are @, X,

{b, c}. Clearly every dg-closed set is a d-closed set. Let A =
{c}. Clearly A is an ig-closed set but not a i-closed set. Hence

(X, 7,, <5)isaqTqy, Space but nota T; ., space.

Theorem 21: The spaces 4Tq1, and Ty are independent
notions as will be seen in the following examples

Example 31

Let X ={ab,c}, 7, ={¢, X, {a}, {a, c}} and <3 = {(a, @), (b,
b), (c, ¢), (a, b), (a, c)}. Clearly (X, 7,, <3) is a topological
ordered space. dg-closed sets are ¢, X, {a, b}. d-closed sets

are @, X. b-closed sets are ¢, X . Clearly every d-closed set is
a b-closed set. Let A = {a, b}. Clearly A is a dg-closed set but
not a d-closed set. Hence (X, 7,, <g) is a 4T, Space but not a
dTd12 Space.

Example 32

Let X ={a, b, c}, 75, ={¢, X, {a}.{b}.{a.b}} and <, = {(a,
a), (b, b), (c, ¢), (a b), (c, b)}. Clearly (X, 7;, <4 is a
topological ordered space. Here b-closed sets are ¢, X . d-

closed sets are @, X, {c, a}. dg- closed sets are ¢, X, {c, a}.

Let A = {a, c}. Clearly A is a d-closed set but not a b-closed
set. Every dg-closed set is a d-closed set where as every d-

closed set is not a b-closed set. Thus (X, 7;,<4 is a ¢Tq,12 Space
and not a 4T, space.



Theorem 22: The spaces iTii;, and T4 are independent
notions as will be seen in the following examples

Example 33

Let X = {a, b, c}, 7, = {@, X, {a}, {b}.{a,b}} and <; = {(a,
a), (b, b), (c, ¢), (a, b), (b, c), (a c)}. Clearly (X, 7;, <) isa
topological ordered space. Here d-closed sets are ¢, X. i-

closed sets are ¢, X, {c}, {b, c} .ig- closed sets are ¢, X, {c},

{b, c}. Let A={c} or {b, c} or {a, c}. Clearly A is a closed set
but not a d-closed set. Every ig-closed set is an i-closed set

where as every closed set is not a d-closed set. Thus (X, 7,,<1)
isaiTii,Space and not a . T4 Space.

Example 34

Let X ={ab.c}, 7, ={@, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. ig-closed sets are @, X, {b}, {a, b }. d-closed sets are

@, X, {b, c}. i-closed sets are ¢, X and closed sets are @, X,

{b, c}. Clearly every closed set is a d-closed set. Let A = {b} or
{a, b}. Clearly A is an ig-closed set but not an i-closed set.

Hence (X, 7,, <) isa cTq space but not a T;y, space.

Theorem 23: The spaces iTiy, and T, are independent
notions as will be seen in the following examples

Example 35

Let X ={ab.c}, 7, ={@, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. ig-closed sets are @, X, {b}, {a, b }. b-closed sets are

@, X. i-closed sets are @, X. Clearly every i-closed set is b-
closed set. Let A = {b} or {a, b}. Clearly A is an ig-closed set
but not an i-closed set. Hence (X, 7,, <)) isa T, space but not
a Ty Space.

Example 36

Let X ={a, b, c}, 7,, ={@, X, {a},{b}.{a,b}} and <; = {(a,
a), (b, b), (c, ¢), (a b), (b, ¢), (a, c)}. Clearly (X, 7, <1) isa
topological ordered space. Here b-closed sets are ¢, X . i-

closed sets are @, X, {b}.ig- closed sets are @, X, {b}, {a, b}.

Let A = {b} or {a, b} . Clearly A is an ig-closed set but not an
i-closed set. Every i-closed set is a b-closed set where as every

ig-closed set is not an i-closed set. Thus (X, 7,,<1) is a Ty
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space and not a T; 1, Space.

Theorem 24: Every qTqi21sa qT1, Space
Proof

Let (X, 7, <) be 4Tq1/ Space. we show that (X, 7, <) isaqTie
space. Let A be a dg-closed set. Since (X, 7, <) iS 4Tq1/2 Space
then A is a d-closed set. Then A is a closed set. Thus every dg-
closed set is a closed set. Thus every 4T/, Space is 4Ty, Space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 37

Let X ={ab,c}, 7, ={¢, X, {a}, {a, c¢}} and < = {(a, @), (b,
b), (c, ¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological
ordered space. dg-closed sets are @, X, {b, ¢ }. Closed sets are

@, X, {b}, {b, c}. d-closed sets are ¢, X . Clearly every dg-
closed set is a closed set. Let A = {b, c}. Clearly A is a dg-
closed set but not a d-closed set. Hence (X, 7,, <;) isa qTw
space but not a 4Tq,1» Space.

Theorem 25: Every T isa Ty, Space
Proof

Let (X, 7, <) be T;y space. we show that (X, 7 ,<)isa T
space. Let A be an ig-closed set. Since (X, 7, <) is T, Space
then A is an i-closed set. Then A is a closed set. Thus every ig-
closed set is a closed set. Thus every iT; 1/, Space is i Ty, space.
The converse of the above theorem need not be true. This will
be justified from the following example.

Example 38

Let X ={abc}, 7, ={¢, X, {a}, {a, c}} and < = {(a, @), (b,
b), (c, c), (b, &), (a c), {b, ¢) }. Clearly (X, 7,, <¢) is a
topological ordered space. ig-closed sets are @, X, {b, c}.

Closed sets are @, X, {b}, {b, c}. i-closed sets are @, X.

Clearly every ig-closed set is a closed set. Let A = {b, c}.
Clearly A is an ig-closed set but not an i-closed set. Hence (X,

T,, <o) isaiTy,space but nota T;1, space.

Theorem 26: Every ,Tp12is @, Ty Space
Proof

Let (X, 7, <) be yTp 12 Space. We show that (X, 7, <) isapTip
space. Let A be a bg-closed set. Since (X, 7, <) is,Tp 12 Space
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then A is a b-closed set. Then A is a closed set. Thus every bg-
closed set is a closed set. Thus every , Ty, 1,2 Space is pT1/, Space.

The converse of the above theorem need not be true. This
will be seen in the following example.

Example 39

Let X ={ab,c}, 7, ={¢, X, {a}, {a, c}} and <3 = {(a, ), (b,
b), (c, ¢), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a topological
ordered space. bg-closed sets are @, X, {c}. Closed sets are

@, X, {b, c}. b-closed sets are ¢, X . Clearly every dg-closed
set is a closed set. Let A = {b, c}. Clearly A is a dg-closed set
but not a d-closed set. Hence (X, 7,, <) is a 4T, Space but
nota T4/, Space.

CONCLUSION
In this paper, we introduced iTiz, aTa2, bTbas2, i T12, d T12, 6T 172,

new class of spaces using g-closed type sets in topological
ordered spaces and studied various relationships between them.
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